3.1 Proofs by induction
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Exercise 3.1.
Exercise 3.2.

Exercise 3.3.

Exercise 3.4.

Exercise 3.5.

Exercise 3.6.

Exercise 3.7.

Exercise 3.8.

Prove that 9" — 1 is divisible by 8 for all n € N.
Prove that 52"~! + 1 is divisible by 6 for all n € N.

Prove the following identity by induction

n

> (2i—1) =n.

i=1
Prove the following identity by induction
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Prove the following identity by induction
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Prove the following identity by induction
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Prove the following identity by induction
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Let { a, } be a sequence defined by
a; = 1,
a9 = 8,

Ap = Gp-1 + 2an—27 n > 3.
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Prove that
3
Gy = 5-2”+2-(—1)”.

Exercise 3.9. Prove by induction that the number

3-v33\  (3+v33)
() ()

is an integer which is divisible by 3 for all n € N.

Exercise 3.10. Let { a, } be a sequence defined by

alz\/§>
an =\/24+ Qp_1 n>2.

Prove by induction that a,, < 2 for all n > 1.

Exercise 3.11. Prove that for all n € N there exists an n-digit integer
a1as . ..y

whose digits are either 1 or 2 and it is divisible by 2".

Exercise 3.12. Let F), be a sequence defined by F; = F, = 1 and F,, =
F,_1+ F,_2,n > 3 (this sequence is the so-called Fibonacci sequence). Prove
by induction the following identities.

() i+ Fo+ ...+ F,=F, 2 —1,

(b) FE+Fi+...+ F?=F,F,.4,

(¢) i+ Fs+ ...+ Fo g = Foy,

(d)y Fs + Fy+ ...+ Fy, = Foqg — 1.

Exercise 3.13. Prove the following properties of Fibonacci numbers.
(a) Prove that F3, is even for all n € N,
(b) Prove that Fj, is divisible by 5 for all n € N.



